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1 Introduction
Given a group G, let U(Z[G]) be the group of units of the integral group ring Z[G]
and let Z(U(Z[G])) be its center. Trivially, Z(U(Z[G])) contains ±Z(G), where
Z(G) denotes the center of G. In case Z(U(Z[G])) = ±Z(G), i.e., all central
units of Z[G] are trivial, following [3], we call G a cut-group or a group with
the cut-property. The question of classifying cut-groups was explicitly posed, for
the first time, by Goodaire and Parmenter [8]. As an answer, Ritter and Sehgal
[19] gave a characterization for finite cut-groups which was later generalized by
Dokuchaev, Polcino Milies and Sehgal [6] to arbitrary groups. Let us say that an
element x ∈ G of finite order has the RS-property (or is an RS-element) in G if
xj ∼G x
±1 for all j ∈ U(o(x)), (1)
where o(x) denotes the order of x, U(n) := {j : 1 ≤ j ≤ n, gcd(j, n) = 1}, and
y ∼G z denotes y is conjugate to z in G. Let Φ(G) denote the FC-subgroup of G,
i.e., the subgroup consisting of those elements of G which have only finitely many
conjugates in G, and Φ+(G) its torsion subgroup. Then the characterization of
cut-groups given in [6] can be stated to say that G is a cut-group if, and only if,
every element of Φ+(G) has the RS-property in G. Recently, finite cut-groups
and their properties have been explored further ([2]-[4], [14]; see also [15]). Our
purpose in the present work is to examine the class of infinite cut-groups. This
class is neither subgroup-closed nor is it quotient-closed.
In Section 2, we show (Lemma 3) that if A is an RS-subgroup of a group G,
then A/N is RS-subgroup of G/N for every finite normal subgroup N of G
contained in A and thus deduce (Theorem 4) that the class of cut-groups is
closed under quotients by finite normal subgroups. We examine the class of cut-
groups under extensions (Theorem 5) including amalgams and HNN extensions
and thus provide several interesting examples of infinite cut-groups. Extending
the result on characterization of finite metacyclic cut-groups ([3], Theorem 5), a
classification (Theorem 6) of infinite metacyclic cut-groups has been given. We
also classify p-groups (Theorem 9) and nilpotent groups (Theorem 10) which are
cut-groups. For a finite group G and a normal subgroup A of G, it has been
shown (Theorem 11) that Z(U(Z[G])) ∩ (1 + ∆(G)∆(A)) is trivial, if and only
if, the rank of Z(U(Z[G])) equals that of Z(U(Z[G/A])), where ∆(G) denotes
the augmentation ideal of Z[G]. Given a finite normal subgroup A of a solvable
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group G, G/CG(A), where CG(A) denotes the centralizer of A in G, is a finite
solvable group. Thus if G/CG(A) is a cut-group, then, by ([2], Theorem 1.2), no
prime other that 2, 3, 5 and 7 can divide the order of G/CG(A). If, in addition,
Z(U(Z[H ])) ∩ (1 + ∆(H)∆(A)) is trivial, then we show (Corollary 12) that the
order of A is also not divisible by any prime different from 2, 3, 5 and 7, where
H := A⋊G/CG(A).
In Section 3, we consider symmetric central units; a unit
∑
ugg ∈ Z[G] being
symmetric if
∑
ugg =
∑
ugg
−1. We prove (Theorem 13) that, modulo the triv-
ial units, the group of central units is isomorphic to a torsion free subgroup of
Z(U(Z[G])) consisting of symmetric central units. Consequently, it follows that
all central units of Z[G] are trivial, if so are all the symmetric central units.
Finally, in Section 4, we observe (Theorem 15) that Zi(U)/Zi−1(U) is of finite
exponent for all i ≥ 2, provided Z(G) is of finite exponent or G is generated by
torsion elements of bounded exponent, where Zi(U) denotes the ith term of the
upper central series of U(Z[G]).
2 cut-groups
Let G be an arbitrary group. Let us say that a subgroup A of G is an RS-subgroup
of G, if every torsion element of A is an RS-element in G. Such subgroups are
relevant for the study of cut-groups because of the following characterization:
If A is a normal subgroup of a finite group G, then A is an
RS-subgroup of G if, and only if, Z(U(Z[G]))∩Z[A] consists of trivial
units ([6], Theorems 8 & 9).
Furthermore, a key step in the reduction of the investigation of infinite cut-groups
to that of finite groups is provided by the following:
Lemma 1. ([6], Lemma 10) If G is an arbitrary group and A a finite normal
subgroup of G, then there exists a finite extension H of A such that
Z(U(Z[G])) ∩ Z[A] = Z(U(Z[H ])) ∩ Z[A].
The various known criteria, available in [6], [13] and [19] for a group to be a
cut-group can be put together as follows:
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Theorem 2. For every group G, the following statements are equivalent:
(i) G is a cut-group.
(ii) Φ+(G) is an RS-subgroup of G.
(iii) Z(U(Z[G])) ∩ Z[Φ+(G)] = ±T (Z(G)), where T (Z(G)) denotes the torsion
subgroup of Z(G).
(iv) ±G = NU(G), the normalizer of G in U := U(Z[G]).
Clearly, the property of being an RS-subgroup is subgroup-closed. This property
also turns out to be closed under taking quotients by finite normal subgroups.
To be precise, we have
Lemma 3. Let G be a group and A a subgroup of G. Let N be a finite normal
subgroup of G contained in A. If A is an RS-subgroup of G, then A/N is an
RS-subgroup of G/N .
Proof. Let a := aN ∈ A/N be a torsion element. We need to check that for
all j ∈ U(o(a)), aj ∼G/N a
±1. Since N is finite, every element of the coset aN
is a torsion element. Let a0 be an element of minimal order in the coset aN .
Let i be such that ij ≡ 1 mod o(a), so that aij0 = a0, and consequently, by the
minimality of the order of a0, o(a
ij
0 ) = o(a0). This gives gcd(ij, o(a0)) = 1 and
hence gcd(j, o(a0)) = 1. Since by assumption A is an RS-subgroup of G, we have
aj0 ∼G a
±1
0 , which yields (a)
j ∼G/N a
±1.
If G is a finite cut-group, then so is G/N for every NEG [19]. As a generalization
of this fact, we have the following:
Theorem 4. If G is a cut-group, then G/N is a cut-group for every finite normal
subgroup N of G.
Proof. Let A/N be a finite normal subgroup of G/N . Since N is finite, A is a
finite normal subgroup of G and thus it is an RS-subgroup of G. By Lemma 3,
A/N is an RS-subgroup of G/N . Consequently, Φ+(G/N) is an RS -subgroup of
G/N . Hence Theorem 2 yields that G/N is a cut-group.
We next consider the behaviour of cut-groups under extensions. Note that, in
view of Theorem 2, every group G with Φ+(G) = {1} is a cut-group; in particular,
a torsion-free group is a cut-group.
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Theorem 5. (i) Let G be a normal subgroup of the group Π and Q = Π/G.
(a) If Q is a cut-group, and G ∩ Φ+(Π) = {1} (in particular, if Φ+(G) =
{1}), then Π is a cut-group.
(b) If Φ+(Q) = {1}, and Φ+(G) is an RS-subgroup of Π (in particular, if
G is a cut-group), then Π is a cut-group.
(ii) If Π = G ∗A G′ is an amalgam of arbitrary groups G and G′ with the amal-
gamated subgroup A an RS-subgroup of G or G′, then G is a cut-group,
provided A 6= G and A 6= G′. In particular, the free product of arbitrary
non-trivial groups is a cut-group.
(iii) If Π is an HNN extension of a group G over isomorphic subgroups A and
B such that one of A or B is an RS-subgroup of G, then Π is a cut-group.
Proof. (i) Let f : Π −→ Q be the canonical epimorphism and let Q be a cut-
group. Let H be a finite normal subgroup of Π, so that f(H) is a finite normal
subgroup of the cut-group Q. Let h ∈ H and j a positive integer coprime to o(h).
Clearly then j is relatively prime to o(f(h)), and hence
f(h)j ∼Q f(h)
±1,
i.e., there exists q ∈ Q such that
q−1f(h)jq = f(h)±1. (2)
Let y ∈ Π be such that f(y) = q. In view of Eq. (2), we have f(y−1hjyh∓1) =
1. Observe that y−1hjyh∓1 ∈ G ∩ Φ+(Π). Now, if G ∩ Φ+(Π) = {1}, then
y−1hjyh∓1 = 1, i.e., hj ∼Π h±1. Hence H is an RS-subgroup of Π and conse-
quently, Π is a cut-group. This proves (a). Next consider Φ+(Q) = {1}. Then
every finite normal subgroup of Π is necessarily contained in G. Therefore, Φ+(Π)
is contained in G, and hence in Φ+(G). Now if, Φ+(G) is an RS-subgroup of Π,
then it follows that Φ+(Π) is an RS-subgroup of Π and therefore Π is a cut-group.
Finally, we can see that if G is a cut-group, then Φ+(G) is an RS-subgroup of G
and therefore also of Π. This proves (b).
(ii) Let Π = G ∗A G′ be an amalgam of arbitrary groups G and G′ with the
amalgamated subgroup A an RS-subgroup of G or G′. Suppose that A 6= G and
A 6= G′.
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If the index of A in both G and G′ is two, then Π/A is isomorphic to the free
product C2 ∗ C2 and hence Φ+(Π/A) = {1}. Also A an RS-subgroup of one
of G or G′ implies that A is an RS-subgroup of Π. Consequently Φ+(A) is an
RS-subgroup of Π. Thus (i)(b) yields that Π is a cut-group.
If the index of A is atleast three in either G or G′, then, by ([5], Proposition 1),
Φ+(Π) is a subgroup of A. Since A is an RS-subgroup of either G or G′, A is also
an RS-subgroup of Π. Consequently, Φ+(Π) is an RS-subgroup of Π, and hence
Π is a cut-group.
(iii) Let Π be an HNN extension of a group G over isomorphic subgroups A and
B of G. If either A or B is a proper subgroup of G, then, by ([5], Proposition 3),
Φ+(Π) is a subgroup of both A and B. Since one of A or B is an RS-subgroup of
G, it follows that Φ+(Π) is an RS-subgroup of G and, consequently, that of Π, as
desired. If A = B = G, then G is a cut-group and Π/G is infinite cyclic. Hence,
by (i)(a), Π is a cut-group.
The above theorem enables us to construct interesting examples of cut-groups.
Examples
1. While not every finite simple group is a cut-group ([1], [7], also see [15],
Theorem 2), observe that if G is an infinite simple group, then clearly
Φ+(G) = {1} and therefore it is a cut-group. Furthermore, as an immediate
consequence of Theorem 5(i)(a), it follows that
An extension of an infinite simple group by a cut-group is a cut-
group.
2. Recall that PSL(n, k) is simple if k is a field of characteristic 0 and n ≥ 2.
If the roots of unity in k are of exponent dividing 4 or 6 (e.g., if k = Q or
R), then Theorem 5(i)(b) yields that
SL(n, k) is a cut-group for n ≥ 2.
3. It is known that the modular group PSL(2,Z) is the free product of cyclic
groups C2 and C3. Thus, Theorem 5(ii) yields that
The modular group PSL(2,Z) is a cut-group.
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4. Observe that SL(2,Z) is isomorphic to C4∗C2C6 and thus, by Theorem 5(ii),
SL(2,Z) is a cut-group.
5. The Baumslang Solitar group BS(m,n) := 〈a, t | t−1amt = an〉, where m
and n are non-zero integers, is an HNN extension. Thus, by Theorem 5(iii)
The Baumslag Solitar groups BS(m,n) are cut-groups.
We now proceed to show that Theorem 5 enables us to classify infinite metacyclic
cut-groups. It may be mentioned that a complete list (up to isomorphism) of finite
metacyclic cut-groups has been computed in [3]. For every group G, Φ+(Z(G)) ⊆
Φ+(G). If the equality holds, then we can see that G is cut-group if, and only if,
Z(G) is a cut-group, i.e., each central torsion element must have order dividing
4 or 6. This observation is helpful for the study of infinite metacyclic cut-groups.
Theorem 6. An infinite non-abelian metacyclic group G is a cut-group if, and
only if, it is isomorphic to one of the following groups:
(i) 〈a, b | bn = 1, ba = a−1b〉, n ∈ {0, 2, 4, 6, 8, 12};
(ii) 〈a, b | am = 1, ba = arb〉, m ≥ 3, 1 6= r ∈ U(m) and U(m) = 〈−1, r〉.
Proof. Let G be an infinite metacyclic group and N = 〈a〉 a cyclic normal sub-
group of G with G/N = 〈bN〉 cyclic. Let m = o(a) and n = o(b). As G is infinite,
one of m or n must be 0.
Case I: m = 0.
In this case,
G ∼= 〈a, b | bn = 1, ba = a−1b〉.
If n = 0, then, by Theorem 5(i), G is a cut-group.
We thus assume that n 6= 0. Observe that Z(G) = 〈b2〉. We assert that Φ+(G) =
Φ+(Z(G)) = 〈b2〉. Let A be a finite normal subgroup of G and let g ∈ A, so that
g = aαbβ for some α, β ∈ Z. Now, gb = a−αbβ = a−2αg ∈ A implies α = 0, as A
is finite. Furthermore, ga = a(−1)+(−1)
β
bβg ∈ A implies 2 | β and hence A ⊆ 〈b2〉.
Consequently, Φ+(G) ⊆ 〈b2〉; however, the reverse inclusion is obvious. Thus the
assertion follows. Consequently, by the foregoing observation, G is a cut-group
if, and only if, n ∈ {2, 4, 6, 8, 12}.
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Case II: m 6= 0.
In this case, n = 0 and so
G ∼= 〈a, b | am = 1, ba = arb〉, r ∈ U(m).
Since G is non-abelian, m ≥ 3. By Theorem 5(i)(b), G is a cut-group if, and only
if, a is an RS-element of G. It is easy to see that a is an RS-element of G if, and
only if, U(m) = 〈−1, r〉.
We next consider p-groups.
Theorem 7. A non-trivial normal subgroup A of a finite p-group G is an RS-
subgroup of G if, and only if, one of the following holds:
(i) p = 2 and a3 ∼G a±1 for all a ∈ G;
(ii) p = 3 and a2 ∼G a−1 for all a ∈ G .
Proof. A non-trivial normal subgroup A of G must intersect Z(G) non-trivially,
as G is a p-group. However, a central element of G is an RS-element if, and only
if, its order divides 4 or 6. This gives that p = 2 or 3.
Let 1 6= a ∈ A. If p = 2, then a3 ∼G a±1, as 3 ∈ U(o(a)) and for the same
reason, if p = 3, then a2 ∼G a±1. In the latter case, we just need to check that
a2 6∼G a. Consider the lower central series {γi(G)}≥0 of G. Since G is a p-group,
there exists n ≥ 1 such that γn(G) = {1}. Hence we can find 1 ≤ i < n such that
a ∈ γi(G) \ γi+1(G). If a2 ∼G a, then a2 = g−1ag for some g ∈ G, which implies
a = [a, g] ∈ [γi(G), G] = γi+1(G), contradicting the choice of i.
Conversely, let G be a finite p-group, p ∈ {2, 3}, and A a normal subgroup of G
satisfying (i) or (ii) according as p = 2 or 3.
Let a ∈ A.
If p = 2, then U(o(a)) = 〈3〉×〈−1〉 and hence a3 ∼G a±1 which implies aj ∼G a±1
for all j ∈ U(o(a)).
If p = 3, then 2 is a primitive root modulo o(a) and hence a2 ∼G a−1 implies that
aj ∼G a−1 for all j ∈ U(o(a)).
Therefore, in either case, a is an RS-element of G.
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The above result yields information about the RS-subgroups of a finite nilpotent
group. Given a group G, let pi(G) denote the set of primes p for which G contains
an element of order p.
Corollary 8. Let A be a normal RS-subgroup of a finite nilpotent group G, then
pi(A) ⊆ {2, 3}.
Proof. Observe that for every prime p ∈ pi(G), the Sylow p-subgroup of A is
an RS-subgroup of the Sylow p-subgroup of G. Thus the assertion follows from
Theorem 7.
In view of Lemma 1, Theorems 2 & 7, we obtain the following:
Theorem 9. A p-group G is a cut-group if, and only if, one of the following
holds:
(i) p = 2 and a3 ∼G a±1 for all a ∈ Φ+(G) ;
(ii) p = 3 and a2 ∼G a−1 for all a ∈ Φ+(G) ;
(iii) Φ+(G) = {1}.
It may be noted that, while a finite p-group, which is a cut-group, must necessarily
be a 2-group or a 3-group, this is not the case for an infinite p-group to be a cut-
group. For example, for any prime p, the wreath product Cp ≀ A, where A is a
direct sum of infinitely many copies of Cp, is a cut-group, since Φ(Cp ≀A) = {1}.
For more general examples of groups with Φ+(G) = {1}, see [17]-[18].
Let Gp denote the subset of G consisting of p-elements in G. For nilpotent cut-
groups, we have
Theorem 10. A nilpotent group G is a cut-group if, and only if, either
Φ+(G) = {1} or Φ+(G) is a {2, 3}-group and the following conditions hold:
(i) for all a ∈ Φ+(G)2, a3 ∼G a±1;
(ii) for all a ∈ Φ+(G)3, a2 ∼G a−1.
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Proof. Let G be a nilpotent group with Φ+(G) 6= {1}. Let x ∈ Φ+(G) be an
element of prime order (say p) and A a finite normal subgroup of G containing x.
Since G is a cut-group, A is an RS-subgroup of G. Consider H := A⋊G/CG(A).
Observe that A is an RS-subgroup of the finite nilpotent group H . Thus, by
Corollary 8, pi(A) ⊆ {2, 3}, which gives that p = 2 or 3. Furthermore, as in
Theorem 7, it turns out that a3 ∼G a±1 if p = 2, and a2 ∼G a−1 if p = 3. The
converse can be seen easily as U(2i) = 〈3〉 × 〈−1〉, U(3j) = 〈2〉 and U(2i3j) =
U(2i)× U(3j) for all i, j ≥ 1.
Theorem 11. Given a normal subgroup A of a finite group G, the following
statements are equivalent:
(i) Z(U(Z[G])) ∩ (1 + ∆(G)∆(A)) is trivial.
(ii) ρ(G) = ρ(G/A), where ρ(G) denotes the rank of Z(U(Z[G])).
Proof. Suppose (i) holds. Let
Q[G] ∼= ⊕1≤i≤mMni(Di)
be the Wedderburn decomposition of Q[G]. By reordering, if necessary, we can
assume that
Q[G](1 − Aˆ) ∼= ⊕1≤i<rMni(Di)
and
Q[G/A] ∼= Q[G]Aˆ ∼= ⊕r≤i≤mMni(Di),
where 1 ≤ r < m. The center Z(Di) of each division ring Di is a finite extension
of Q. Let Oi be the ring of integers of Z(Di). We then have
ρ(G) =
∑
1≤i≤m
ρ(U(Oi))
and
ρ(G/A) =
∑
r≤i≤m
ρ(U(Oi)).
Consequently, ρ(G/A) ≤ ρ(G). Thus, to establish (ii), it suffices to prove that
under the natural map pi : Z[G]→ Z[G/A], any set of linearly independent central
units in Z[G] are mapped to linearly independent central units of Z[G/A].
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Let u1, u2, · · · , ut be linearly independent central units in Z[G]. Denote pi(ui) by
ui. Suppose u
k1
1 u
k2
2 · · ·u
kt
t = 1 for some integers k1, k2, · · · , kt. Then
uk11 u
k2
2 · · ·u
kt
t − 1 ∈ ∆(G,A).
So u = uk11 u
k2
2 · · ·u
kt
t ∈ 1 + ∆(G,A). Consequently, u ≡ a mod ∆(G)∆(A) for
some a ∈ A. This gives ua−1 ≡ 1 mod ∆(G)∆(A). Since G is finite and u is
central, it follows that um belongs to 1 +∆(G)∆(A) for some m ≥ 1. Therefore,
um and hence u is trivial, i.e., u = uk11 u
k2
2 · · ·u
kt
t ∈ ±Z(G). Raising it to a suitable
power and using the fact that u1, u2, · · · , ut are linearly independent, it follows
that ki = 0 for all i, thus proving the validity of (ii).
Conversely, if (ii) holds, then it follows that under the natural map pi : Z[G] →
Z[G/A], any set of linearly independent central units in Z[G] are mapped to
linearly independent central units of Z[G/A]. Suppose
u =
∑
a∈A
uaa ∈ Z(U(Z[G])) ∩ (1 + ∆(G)∆(A)).
Then pi(u) = 1 and hence {u} is mapped to a linearly dependent set. Thus {u} is
linearly dependent and so u can’t have infinite order. Consequently u is a trivial
central unit and (i) holds.
Corollary 12. Let A be a finite normal subgroup of a solvable group G and let
H := A⋊G/CG(A). Suppose that
(i) Z(U(Z[H ])) ∩ (1 + ∆(H)∆(A)) is trivial;
(ii) G/CG(A) is a cut-group.
Then, pi(A) ⊆ {2, 3, 5, 7}.
Proof. Observe that H is finite. Since H/A ∼= G/CG(A) and G/CG(A) is a cut-
group, ρ(H/A) = ρ(G/CG(A)) = 0. In view of (i), Theorem 11 yields that ρ(H) =
ρ(H/A). Thus ρ(H) = 0, i.e., H is a finite solvable cut-group. Consequently, by
([2], Theorem 1.2) , pi(H) ⊆ {2, 3, 5, 7}, which gives the desired result.
3 Symmetric central units
Given u =
∑
ugg ∈ Z[G], let u∗ =
∑
ugg
−1. An element u ∈ Z[G] is called
symmetric, if u = u∗.
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It is known (see [12], Corollary 7.1.9) that if G is a finite abelian group, then
U(Z[G]) is the direct product of ±G and a torsion free group of symmetric units.
As a generalization of this result, we have the following:
Theorem 13. For every group G, the following statements hold:
(i) There is an exact sequence 1 → ±Z(G) → Z(U(Z[G])) → S → 1, where
S is a torsion free subgroup of Z(U(Z[G])) consisting of symmetric central
units.
(ii) If u ∈ Z(U(Z[G])), then there exists an element g ∈ Z(G) such that u = gu∗.
Furthermore, u2 ∈ Z(G)S.
(iii) If the symmetric central units of Z[G] are trivial, then so are all central
units, i.e., G is a cut-group.
Proof. (i) Observe that the map
θ : Z(U(Z[G]))→ Z(U(Z[G])), u 7→ uu∗,
is a group homomorphism and ker θ = ±Z(G). Let S be the image of θ. We will
show that S is torsion free. Let u ∈ Z(U(Z[G])). If uu∗ is of finite order, then it
belongs to ±Z(G). Suppose
uu∗ = ±h,
where h ∈ Z(G). If h 6= 1, then from the above equation it follows that
∑
g∈G u
2
g = 0, which is not so as u 6= 0. Hence, h = 1 and uu
∗ = ±1. How-
ever, uu∗ can’t be −1 as the augmentation of uu∗ is 1. Thus uu∗ = 1 and
consequently, S is torsion free.
(ii) As u is central in Z[G], it can be readily verified that θ(u2) = θ(uu∗). Hence,
by (i), u2 = ±guu∗, where g ∈ Z(G). Since both u2 and uu∗ are of augmentation
1, we have u2 = guu∗. Hence, (ii) follows.
(iii) If symmetric central units are trivial, then from (ii) it follows that u2 ∈ Z(G)
for all Z(U(Z[G])). However, by (i), Z(U(Z[G]))/±Z(G) is torsion free. There-
fore, (iii) follows.
In the above theorem, (ii) may be campared with ([16], Theorem 1). An imme-
diate consequence of the above theorem is the following:
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Corollary 14. For every group G with periodic center, in particular if G is a
finite group, Z(U(Z[G]))/ZS(U(Z[G])) is a torsion group, where ZS(U(Z[G])) is
the subgroup of Z(U(Z[G])) consisting of symmetric central units.
4 Hypercentral units
Let Z0(U) ≤ Z1(U) ≤ · · · ≤ Zn(U) ≤ · · · be the upper central series of U =
U(Z[G]). Let Z∞(U) = ∪i≥1Zi(U) be the subgroup of U(Z[G]) consisting of the
hypercentral units.
Theorem 15. For all i ≥ 2, Zi(U)/Zi−1(U) is of finite exponent, provided Z(G)
is of finite exponent or G is generated by torsion elements of bounded exponent.
Proof. In view of ([9], Lemma 4.2, p. 432), it suffices to show that Z2(U)/Z1(U)
is of finite exponent. Let u ∈ Z2(U). Suppose Z(G) is of finite exponent, say
m. Consider an arbitrary g ∈ G. By ([10], Proposition 4.1), [u, g] ∈ Z(G).
Therefore, [um, g] = [u, g]m = 1, i.e., um ∈ Z1(U), as desired. Next, suppose
that G is generated by X and the elements of X have bounded exponent, say m.
Then, for any x ∈ X , [u, x] ∈ Z1(U) implies that [um, x] = [u, x]m = [u, xm] = 1.
Consequently um is a central unit, as desired. This proves the result.
Corollary 16. If G is such that all units in Z[G] are hypercentral and one of the
following conditions hold:
(i) Z(G) is of finite exponent;
(ii) G is generated by torsion elements of bounded exponent,
then U(Z[G]) can’t contain a free subgroup of rank ≥ 2.
[For the classification of groups G with all units hypercentral, see [11].]
Proof. Suppose F is a free subgroup of rank ≥ 2 contained in U(ZG). Consider
any 1 6= u ∈ F . As u is hypercentral, by Theorem 15, it follows that a power
of u belongs to Z1(U); let this power be m. So um commutes with all elements
of F , i.e., it belongs to Z(F ). But F being free of rank ≥ 2, has trivial center.
Consequently um = 1. This is not possible, as F is free.
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